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Abstract 

In this paper we prove some existence and regularity results concern- 
ing parabolic equations 

ut = F{Vu,D^u) + f{x,u) 

with some boundary conditions , on O,x]0,T[, where is some bounded 
domain which possesses the cone property and F is singular or degener- 
ate, with some uniform ellipticity conditions. 
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1 Introduction and hypothesis 

In this paper we consider the parabolic equation 

Ut = F{x, Vu, D\) + h{x, t) ■ Vm| Vu|" + /(x, t) 

on some bounded domain Qt = fix]0, T[ of H^, with some non zero boundary 
conditions on the parabolic boundary. 

Here the operator is fully non linear and degenerate or singular, it satisfies 
some assumptions as in |2j, which will be detailed later. In particular the class 
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of operators considered contains both the p-Laplace and the Pucci operators, 
as well as non variational extensions of the p-Laplacian. Both h and / are 
bounded and continuous functions. The boundary condition will be supposed 
to be Holder continuous. 

In previous papers [2], [3], |6],the author, in collaboration with Birindelli, has 
considered the stationary case, introducing the notion of principal eigenvalue 
and proving the existence of solutions for a large class of Dirichlet problems. 
The parabolic case treated here requires the introduction of many new tools 
and new ideas. 

We begin by stating a definition of viscosity solutions adapted to the context, 
the difficulty being that due to the fact that the operator F is not defined when 
the gradient is zero, one cannot test points on which every test function have 
the gradient equal to zero. In the stationary case this is solved by just "not 
testing" such points unless the solution is locally constant. Here the situation 
is more involved and requires some "testing". 

The key points to prove the existence of solution are on one hand, some 
comparison principle and on the second hand the existence of some upper and 
lower barriers. 

The comparison principle presents some difficulty linked to the non defi- 
nition of the operators when the gradient of test functions is zero, difficulty 
overcome with the aid of the adapted definition of viscosity solutions that we 
propose. This comparison theorem permits in particular to get the uniqueness 
of solution. 

The existence of lower and upper barriers is complicated by the fact that 
the operator is homogeneous with different powers with respect to t and a;, a 
difference with most of the papers cited before. 

In a third time, we use Perron's method adapted to the context. 

We also establish some regularity result, more precisely the solutions are 
Holder in both the spatial and the time variable, with some exponent which 
depends on the regularity of the data / and of the boundary value ip, and also 
on the parameters of the exterior cone related to the open set VL. 

Finally we also consider to the case of some infinite domain such as x IR"*" 
and IR^x]0,T[. 

Analogous problems are studied by Crandall, Kocan, Lions , and Swiech in 
[8] for the case of Pucci's operators, by Ishii and Souganidis [15] for operators 
singular or degenerate and homogeneous of degree 1, and by Onhuma and Sato 
[T8] in the case of the p-Laplacian. 



2 



In [H] and [12] , Juutinen and Kawhol treat the case of the infinite Laplacian 
when the right hand side / is zero and the open domain is regular. Let us note 
that this situation is analogous to the present one when a = 0. In their situation 
the operator is linear with respect to D'^u but it is not well defined on points 
where the gradient is zero. This leads the authors to give a convenient definition 
of viscosity solutions. This definition provides a comparison principle and in 
particular the solutions obtained are unique . The existence is obtained through 
a regularizing process, and using classical results of Ladishenskaia Uralceva for 
parabolic problems. 

On the other hand [8] the authors consider the case of Pucci's operators in 
domains which have the uniform exterior cone condition, and with a right hand 
side / bounded. They exhibit a supersolution and a sub-solution constructed 
with the aid of the parameters of the cone relative to VL. They also prove a 
comparison principle which enables them to prove that the sub-solution is less 
than the supersolution. Finally through the Perron's method they prove the 
existence of a solution. 

In [IB] the authors consider the case of the p-Laplacian and a right hand side 
zero. They give a convenient definition of viscosity solution which provides a 
comparison principle . This definition of viscosity solutions requires to introduce 
a set of admissible test functions when the gradient of u is zero. Since it can 
be extended to our situation, it is natural to check that it is equivalent to our 
definition, which is done in the appendix. 

2 Notations and hypothesis 

In all that paper, (except in section 6) we shall assume that VL is some bounded 
domain which satisfies the uniform exterior cone condition, .e. we assume that 
there exist g]0, 7r[ and f > such that for any z G dVt and for an axe through 
z of direction n^. 



For a real T positive let Qt = r2x]0,T[. We shall denote by OQt the 
parabolic boundary (c?f2x]0,T[) U (i7 x {0}). Concerning F we shall assume 
that a > —1 and F satisfies 

(HI) F : X IR^ \ {0} X S* IR, is continuous with respect to all its variables. 
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and yt e H*, // > 0, for all x e p 7^ and X e S, 

F{x,tp,^X) = |t|>F(a;,p,X). 

(H2) For X e n, p e IR^\{0}, M e S, N e S, N >0 

a\p\'^tr{N) < F{x,p, M + N) - F{x,p, M) < A\p\''tr{N). (2.1) 

(H3) There exists a continuous function uj with a;(0) = 0, such that if (X, Y) e 
S'^ and C e 1R+ satisfy 

and / is the identity matrix in IR-^, then for all {x, y) e IR-^, x ^ y 
F{x, Cix -y),X)- F{y, ({x - y), -Y) < uj{C\x - y\'). 

Sometimes this condition {H3) can be replaced by the weaker assumption, 
which will for example be employed to prove Holder's regularity results : 

(H4) There exists a continuous function uj, uj{0) = such that for all x,y, in 
n, Py^O,\/X e S 

\F{x,p,X) - F{y,p,X)\ < u{\x - y\)\pnx\. 

Wc assume that h is continuous and bounded on Qt with values in IR^ and 
satisfies (H5) : 

There exists coh < i and Ch > such that for all {x, t), {x, s) in Qt 

\h{x,t) -h{x,s)\ < c/j|t-s|'^\ 

Furthermore 

- Either a < and for all {x, y) in Vt and t e]0, T[ 

\h{x,t)-h{y,t)\ < Ch\x-y\'+" 

- or a > and for all {x, y) in Q and t e]0, T[ 
{h{x,t)-h{y,t)-x-y)<0. 
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Concerning / we shall assume that it is at least continuous and will precise 
further regularity when it will be needed. 

We now give the definition of viscosity solutions adapted to our context. 
It is well known that when dealing with viscosity respectively sub and super 
solutions one works with 

u*{x,t) = limsup u{y,T) 

{y,-r),\(y,r)-(x,t)\<r 



and 



Ui,(x,t) = liminf u(y,T). 

{y,-r),\{y,T)-{x,t)\<r 



It is easy to see that U-^ < u < u* and u* is upper semicontinuous (USC), is 
lower semicontinuous (LSC). See e.g. [TJ | 



Definition 1 We shall say that u, locally bounded, is a viscosity suhsolution of 

ut- F{x,Vu,D^u) - h{x,t) ■Vu\Vu\'' < f{x,t) m Q x {0,T) 
if , for any {x,t) & Q x (0, T), 

• either for all if E touching u* by above at x such that Vx<^{x, t) ^ 

iftix, i) - V^(x, t), Z)V(a;, t)) - h{x, i) ■ Vy^l V¥^|"(a;, t) < /(x, t). 

• or, if there exists 6i and ip G C^(]t — + 5i\), such that for any t G 
]t-5i,t + 6,[ 

ip{t) = 

u*{x, t) > u*{x, t) — (p{t) 

sup {u*{x,t) — ip(t)) is constant in a neighborhood of x, 

t&]t-5i,t+5i[ 

then 

V'ii) < fix,i). 
u, locally bounded, is a viscosity supersolution of 

ut- F{x,Vu,D\) - h{x,t) ■Vu\Vu\'' > f m Q x {0,T) 
if , for any {x,t) E Q x (0, T), 



• either for all (p & which touches by below at x, such that Vj;</?(x, f) ^ 

cptix, t) - F{x, Vip{x, t), D'^ifix, t)) - h{x, t) ■ Vip\Vip\''{x, t) > fix, t). 

• or, if there exists 6i and ip e C^{]i — 5i,i + such that for any t e 
]f-5i,t + <5i[ 

V9(t) = 

u^{x,t) < u^{x,t) - (p{t) 

inf (uJx,t) — (fi(t)) is locally constant in a neighborhood of x, 

tG]t-Si,t+Si[ 

then 

^'{t)<f{x,i). 

Finally a continuous function u is a viscosity solution when u is both a 
viscosity sub and supers olution. 

Remark 1 In the following and for convenience of the reader we recall the 
definition of semi-jets for parabolic problems : 

1* 

J^'+u{x,t) = {{q,p,X) e IRxIR^x,S, q{t-t)+p.{x-x)+- {x-x)X{x-x) > u{x,t)-u{x,t)} 
and 

1* 

J^~u{x,t) = {{q,p,X) e ]RxIR^x,S, q{t-t)+p.{x-x)+- {x-x)X{x-x) < u{x,t)-u{x,t)} 

Remcirk 2 We prove in the appendix that our solutions are the same as those 
of Onhuma and Sato in the case where a^Q, and to those of Evans and Spruck 
and Juutinen and Kawohl in the case of the infinity Laplacian. 

In the following we shall denote by !{/} the equation 

D^u) + h{x, t) ■ Vm| V«|" + f{x, t) 

and by !{/,,/,} the boundary value problem 

r ut^ F{x,Vu,D'^u) + h{x,t) ■Wu\Vu\'' + f{x,t) in Qt 
1^ u{x, 0) = il^{x) on dQr 

Remark 3 Let us note that if u is a sub-solution (respectively supers olution) 
of If and if is some function depending only on t, {x,t) i-^ u{x,t) + (p{t) 
is a sub-solution (respectively supersolution) o/l{/+<^/}. 
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3 Comparison principle and barriers. 

We begin to prove a comparison principle for the operator ut — F{x, Vu, D^u) — 
h{x) ■ Vm| Vm|". One of its consequences is the uniqueness of the solutions for 
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Theorem 1 Suppose that u is a sub-solution bounded for l^gj andv is a super 
solution bounded o/ 1{/} with g < f in Qx]0,T[, g being upper semicontinuous 
and f being lower semicontinuous. Suppose that u* < on {dVL x [0,T)) U 
{Vt X {0}), then u* < m Vt x [0,T). 

The proof of this theorem requires the following technical lemma which 
proof is postponed after the proof of theorem [T] for the sake of clearness. 

Lemma 1 Suppose that Vt is some open set. Suppose that u is a supersolution 
of 

Ut - Vm, D'^u) - h{x, t) ■ Vm| Vm|° > /(x, t) 
in Qt = fix]0,T[ and suppose that Ci is some constant , that ip is some C 
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or 



function on ]0,T[, that k > sup(2, and (0, f) G fix]0,T[ are such that f 
some 6i > 

inf (u(x,t)-ip(t) + Ci\x\^)=u(0,i) 

xeB{0,5i),\t-t\<5i 

Then 

ip'it)>fiO,t). 

Proof of theorem [1] : 

Suppose by contradiction that u{x,t) > v{x,i) for some (x, t) G Qt, let 
K > be such that 

2k {u — v){x,t) 
T -i ^ 2 ' 

then Ui{x, t) = u{x, t) — is a strict sub-solution, f t) = v{x, t) + is a 
strict supersolution and ui—vi > somewhere in Qt- Moreover the maximum 
of Ui — Vi cannot be achieved in |t — T| < since in that set one has 

K K Ak 
u — — {v + — ) < sup(m — v) 



T-t ' T-t'- ' ' T-t 
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while K K 2 

u{x, t) — — — ^ — {v{x, t) + — — ^) > sup(m — v) 



T-t ' ' ' ' T -r - ' ' T -t 
In the following we replace n by u — tjt-^ which is a sub- solution of 
and f by f + which a supersolution of 

We define for j G N and for k > sup(2, ^^^J^), 

t, s) = t) - v,{y, ^) " " ^1' - f l^^ - ^/l'' 

Then ipj achieves its maximum on {xj,tj,yj, sj) G {Qx]0,T[)'^ . It is classical 
that the sequences {xj,tj) {yj,Sj) both converge to (x,t) which is a maximum 
point for u* — t>^, and that j\sj — t^p -|- j\xj — yj\^ 0. 

We want to prove that for j large enough xj ^ yj. Suppose not i.e. Xj = yj 
then 

{y, s) ^ v^{xj, Sj) - j\xj - y\^ - hs - tj\^ + Utj - s^f 



would be a test function from below for at (xj, Sj). Then applying Lemma 
[T]in its form for super- solutions with C\ = replaced by t i— >• v-i,{xj, sj) — 
il^ ~ '^il^ + 2 l^i ~ '^il^' I'eplacing by Xj, and i by Sj one would get that 



til 



On the other hand 



{x,t) ^ u''{xj,t,) + fix,- - x|*^ + f |t - - fit 



would be a test function from above for u* on {xj,tj). Using Lemma [1] in its 
form for sub-solutions, with ip replaced by 1 1— >• M(xj, tj) + ||t — tjp — ||tj — s^p 
by Xj, Ci by — |, one gets that 

j{tj-Sj) < g{xj,tj) - ^. 

Substracting the two inequalities, passing to the limit and using the upper 
semicontinuity of g and the lower semicontinuity of /, one gets that 

lim j{tj - Sj)+j{sj - tj) < + limsup(^(xj,tj) - f{xj, sj)) < 
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which is a contradiction. 

We have then proved that Xj ^ yj. 

By Ishii's lemma, (see also lemma 2.1 in [2j) there exist {Xj, Yj) G 5^ , with 



Ui'tj - Sj)J\xj - yj\^ ^{xj - yj), -Yj) e J^' v^{yj, Sj) 
and for some positive constant c 

This implies that, using assumption (H3) and the fact that j\xj — yj\^ — * 

f^ + fiVj^Sj) < Jitj - Sj) - F{yj,j\xj -yj\''~-'^{xj -yj),-Yj) 

+ f^-h{y„ s,) ■ (x, - y,)\x, - y,\'''+^'-'^- 

< Ktj - Sj) - F{xj,j\xj - yjl'^^'^ixj - yj),Xj) + o(l) 
+ f^"h{x„t,) . (x, - y,)\x, - -^+('=-1)- + 0(1) 

< g{xj,tj)- — + o{l). 

Using the lower semicontinuity of /, the uppersemicontinuity of g and letting 
j — > +00 we get a contradition. 

In the previous inequalities we have used 

\hix„ tj) - h{x„ Sj)\ \xj - 

< h\tj-SjV) 2 {3\xj-y,\^) J . 2 

= o{l) 

and when a < 

\h{x„ s,) - h{y„ s,)\\x, - < - = 0(1). 

Proof of Lemma U\ First replacing if necessary ip by ip{t) + C2|t — for 
some constant C2 > and Ci by some constant > Ci one can assume that the 
infimum is strict in x and t separately. 
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Clearly t/j{x, t) — ip{t) — Ci|a;|'^ — C2{t — f)^ is a test function for u in (0, t) 
but its gradient with respect to x is zero. So we are going to prove that either 
the function t i-^ Lp(t) + 6*2!^ — is a test function as in the second case of the 
definition of viscosity supersolution and then the conclusion of the Lemma is 
immediate. Or, if this is not the case, then it is possible to construct a sequence 
of points tending to (0, t) for which there exists a test function which gradient 
with respect to a; is different from zero, but tend to zero. Then passing to the 
limit we get the required inequahty. 

Hence we suppose first that the function t 1— ip{t) — C2|t — is as in the 
definition of viscosity supersolution i.e. we suppose that there exists Si > 0, 
and S > such that for all x e B{0,S), 

inf {v{x,t)-^{t) + C2{t-iy}= inf {v{0,t)-^{t)+C2{t-if}. 

|t-tl<i5i \t-i\<5i 

We claim that this infimum is achieved on {0,t). Indeed, the infimum is less or 
equal to v{0, t) and on the other hand it is more than 'vaix&B{G,5i),\t-t\<5i{'^{^ i ^) + 
Ci\x\^ -ip{t) + C2{t-tf} which eqaslsv{Q,t). 

Then the conclusion given in that case in the definition of viscosity super- 
solution is that ^p'it) < /(O, t). 

We now suppose that we are not in this situation i.e. that x 1— >• 'm.i\t-t\<5i ^{x, t) 
ip{t) + C2\t — is not constant in a neighborhood of x. 

Recall that since the infimum is strict in x and t separately, for all 5 > 0, 
S < Si there exists e{S) > such that 

inf ( ini {v{x,t)+ Cilxl^ - ^{t) + C2{t - t)'}, 
\\t-t\>s,xeB{o,Si) 

inf {v{x, t) + C\x\'- ^{t) + C2{t - m 

\t-t\>5i,\x\>5 

> v{0,t) + e{S). 

We now choose S2 < inf ( ^^^^^^^^^^^.i , S). Then, with that choice, for all 
xeB{0,S2) 

... t) + Ci\x-y\'- m + C2it - if} < v{0, i) + ^ 

2/eB(0,<5i),|t-tl<(5i 4 

while 

inf {v{y, t) - ip{t) +Ci\y- x\'' - b{t - t) + C2{t - t)''} > v{0, t) + 
\y\>S,\t-i\<h 4 
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Moreover one also has 



inf _ {v{y,t)-y,{t) + C\x-y\' + C2{t-t)'} 

y<^B(0,6i),\t-t\>5 



> inf {v{y,t)-^{t) + C,\y\' + C2{t-t)'}~ 

j/eB(o,5i),|- •'- 



2, <S) 



yeB{0,Si),\t-t\>5 4 

3e{6) 



4 

This imphes that for all a; G -8(0, 62 



inf {v{y,t) + C,\y-x\'-^{t) + C2{t-t)'} 

yeB{0,Si),\t-t\<Si 

inf {v(y,t) + Ci\y-x\''-ipit) + C2{t-if}. (3.2) 

y£B{0,5),\t~t\<S 

Since x inf \t-t\<Si{v{x,t) — ip(t) + C2\t — t^} is not constant in a neigh- 
borhood of X, there exist {xs,ys) G 5(0,52) 

inf {v{xs,t)-^{t)+C2\t-t\^] > inf {v{ys,t)-^{t)+C,\xs-y6\''+C2\t-t\^] 

|t-i|<5i \t-t\<&i 

Hence 

inf {t;(y, t) - ^(t) + - y\^ + Calt - tf} 

j/eB(0,5i),|t-t|<5i 

is achieved on some point (25,^5) with 7^ xs- Indeed if it was achieved on 
[xs.ts) for some ts one would have 

v{x5,ts) - i^its) + C2\ts-i\^ 

inf {t;(y, t) - ^{t) + Ci|x5 - y\'' + Csit - t?} 

yGB{0,<5i),|t-t|<5i 

< inf {t;(y5,t)-<^(t)+Ci|l/5-X5|'^ + C2|t-tT} 

t-t|<5i 

< inf {v{x8,t)-ip{t)+C2\t-i\^} 

\t-t\<5i 

< v{xs,U)-^{ts)+C2\t6-t\^, 

a contradiction. Moreover using (13.21) . the infimum is achieved in i?(0,5)x]t — 
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All this imply that {y, t) ^— v{zs, ts) + f(t) — 'f{is) + Ci\xs — zsl'' — Ci\xs — 
y\'' + C2(ts — f)^ — C2|t — is a test function for v on {zs, ts) and since f is a 
supersolution 

(p\ts)-2C2{ts-i) - F{-Cik\xs-zs\''-\zs-xs),Xs) 

+ k'+'^lxs - zs\'^''-'^^''+'^-'h{zs,ts) ■ {zs - Xs) 
> fizs,ts) 

where Xs = —D'^{Ci\xs — y\^) \y=zs- We have finally obtained that 

^\ts)-2C2{ts-t) + C\+^\xs-zs\''^''+^^-^-^ + \h\^k^+-^^^^ 

Using Xs e B{0, 82) C 5(0, 5), zs E 5(0, S) and k > 

^'its)+oil) > fizs,ts). 

Letting 6 go to zero, and using the lower semicontinuity of / one gets the 
result. This ends the proof of lemma [H 

We now construct a supersolution and a subsolution for We recall 

that in |6] we constructed a global barrier for the stationary case: 

Proposition 1 For all z G dQ, there exists some function Wz continuous on 
fl, such that Wz{z) = 0, Wz > in Q \ {z}, which satisfies 

F{x,VWz,D'^Wz) + h{x,t) ■VWzlVWzl'' < -1 m 

Furthermore VWz 7^ everywhere and there exist c > 0, c > and 7 g]0, 1[ 
which depend on the parameters of the cone, such that for all z G and x G 

(^z — x^ < Wz{x) < c\x — zy . 

Remark 4 In fact one can ask, up to change the constants 7 and the constants 
c and c that Wz be such that —Wz be also a sub-solution of 

F{x,V{-Wz),D\-Wz)) -h{x,t) -VWzlVWzl"" >1 in n. 

The proof of Proposition [1] can be found in [6]. 

We now give some existence's result of supersolutions and sub-solutions for 
the parabolic problem. 
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Proposition 2 Suppose that ip is Lipschitzian in t, Hdlderian with exponent 
in X. Suppose that f is uniformly bounded. Then there exists a continuous 
supersolution W 0/ l{|/|oo,i/'}- 

In the same manner there exists a continuous sub-solution V 0/ 

Proof of proposition [2l 

Let be some holder's constant for ip. We define 



W,ix,t):= inf M(^,r)+(^ + (|V^iU + |/|oo)^) W^.(x) + |^t|oo|t-r|}. 

{z,T)edQx]0,T[ \ C J 

Let us note that + (iV'tloo + l/U)^) W;,{x) + \^jjt\oo\t - r|. is a super- 
solution of since defining A2 = ^ + (iV'tU + l/U)^, one has A2 > Ai = 
(l^tloo + |/|oo)i+" and then 

-F{x, \2D^W,) - h{x) ■ AsVPF.IAaViy.r 

= - (^^^ {Fix,X^\/W,,X,D^W,) + hix,t)-\/iXiW,)\\/iXiW,T) 

> -F{x,X,DW,,X,D'W,) - h{x,t) ■ V{X,W,)\V{X,W,)r 

> I/loo +|^t|oo 

Moreover in the viscosity sense , dt{\t — t\) > —1. This implies that all the 
functions in the infimum are supersolutions of Acting as in the proof 

of proposition 3 in section 4, one can prove that Wi being the infimum of 
supersolutions is a supersolution. 

We prove that Wi satisfies the boundary condition on the lateral boundary 
Wi{x, t) := iIj{x, t) for x G dQ and t g]0, T[ . Indeed first taking (x, t) in the in- 
fimum one gets Wi{x, t) < ip{x, t). On the other hand for all {z, r) G dQxjO, T[ 
iIj{z,t) + ^c\x — z\'^ + iV'ilool^ ~ t| > 'ip{x,t) which implies by considering the 
infimum, the reverse inequality. 

The same arguments permit to check that Wi{x, 0) > ip{x, 0) for all x G fi. 

We now define qi = sup{2, q=a^,Cg = {q- l)^"! + (g - 1)^. 

and also 



K2 = (diam Q\h\oo + A{N + qi - 2))(diam ^])^"P("'°), (3.3) 
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Then, it is not difficult to see tliat for any positive constant Ki and for all y 

{x,t) ^ Ki\x -y\'^' + Kl+''K2t 

is a supersolution of l{o} and then in particular taking Ki = with Cq 

defined above, for all k, G 1R+ and y E O, 

{x, t) ^ - + (l/U + iVtloo)^ + f ^ 

is a supersolution of l^\f\^y. 
Then if we define 




VF2 being the infimum of supersolutions of it is a supersolution of 

We need to check that W2{x,0) = ip{x). On one hand, by taking y = x 
in the infimum and t — one gets W2{x, t) < k + ijj{x, 0) for all k, and on the 
second hand, we use the identity for > 1, and for any positive number P 

inf {k + = (3.4) 

that we apply here with P = c^|x — |/|^^ It gives 

W2{x,^) = inf {V;(y,0) + /^+^^|x-|/|<'^} 
= inf{V^(y,0) + cv,|x-y|^} 

We need also to check that W2{x,t) > ijj{x,t) when x £ dfl. 
For that aim we use for all a; e O 

W2{x,t) > inf {^lj{y^Q)+K+^^\x-y\'''}+\^IJtUt\ > ij{x,Q) + \ilJt\oo\t\ >ij{x,t). 

yeO,KeM+ CqK'l ^ 
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Moreover since W2 is an infimum of continuous function it is upper semicontin- 
uous and then for all x G dQ and for all t g]0, T[ 

W2{x,t) > limsup W2{xn,t) > lim ip{xn,t) = ip{x,t) 
We now define 

W{x, t) = mi{Wi{x, t), W2{x, t)) 

Then W is a supersolution of 

Similarly one can define a sub-solution : 

V{x,t) = sup{Vi{x,t),V2{x,t)) 

with 

Vi{x,t) := sup {^(^,r)-f ^ + (iV^tU + \fU^] W,{x)-\iJtUt- 

{z,T)&dnx]o,T[,KeiR+ \ Q J 

and 



1 / 1 \ 



V2{x,t)= sup {^/j{y,0)-K~^^\x-yr-{\f\^ + \^IJt\oo)t-i^r^] K2 

and has been defined before. Then is a sub-solution of ^{-\f\^,'i))- This 
ends the proof of proposition [2l 

Moreover by the comparison principle in theorem [1] 

V <W. 



4 Existence and regularity. 

In this section, we first prove, via Perron's method and with the aid of the sub 
and supersolutions just defined, that there exists u a unique continuous solution 
of 

Ut — F{x, Vm, D^u) - h{x, t) ■ Vu| Vm|" = / in Qt 
u = ip{x, t) on dQx- 

Next we prove some Holder's estimates on this solution. 
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We consider V and W as before, V < W, and F is a subsolution, 1^ is a 
supersolution. Let 

E — {u, subsolution of 1{/,^} , V < u < W}. 

Using Perron's method adapted to our context we need to prove that for -u =: 
supE, the lower semi-continuous enveloppe is a super solution of (1)/,,/, , 
while u* is a sub-solution. This can be done using the following proposition : 

Proposition 3 Suppose that Q is some open set in IR^. Suppose that Un is 
some locally uniformly bounded sequence of sub-solutions for 

{Un)t - F{x, VUn, D'^Un) - h{x) ■ V^nl Vm„|" < /. 

Let u be defined as 

u{x, i) = limsup{un{y, s), n > -,\t — s\ + \y — x\ < r} 

Suppose that f is upper semicontinuous. Then u is a sub-solution . 
Proof 

u is upper semicontinuous by construction. 

We assume that we are in the "bad " case, ie that {x,t) is such that 
there exists (/? which depends only on t, such that = 0, and for some Si, 
suPtes(f,5i)(M(a;,t) - (p{t)) = u{x,i), with for some 5, a; t-> snpt^BitA)(^(^^'^) ~ 
ip{t)) is constant on B{x,6). Then msiXro(zBio,d),t£Bit,Si){u{^,t) - (p{t)) = u{x,t). 

Let A;>sup(2,gf). 

We also have sup^^B(^o^s),\t-^<SlM^^ ^) " " 1^ " ^l'' " 1^ " = '^(^' ^ 
and the supremum is strict in x and t separately. 
We now consider 

sup {ul{x,t) - (p{t) - \x - x\'' - \t -t\'^} 

xeB{x,S),\t-i\<5i 

This supremum is achieved on some We begin to observe that u*^{xn, tn) 

u{x,t). Indeed by definition of u, there exists {ynjSn) which goes to {x,t) and 

KiVn^Sn) -^U{x,i). Thenul{Xn,tn)-(p{tn)-\Xn-x\''-\tn-t\^ > K{yn, Sn) - 

^(in) ~ \yn ~ ~ \sn ~ ~^ u{x,t), which implies that liminf M*(a;„, t„) > 
u{x,t). On the other hand, using the definition of u 

limsup M*(a;„, tn) < u{x,i). 

n 
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Moreover since the supremum is 

If X 7^ x„ for an infinity of n, using the fact that (x, t) ^— ip{t) + |x — xl*^ + 
|t — is a test function for m* on [xn, tn) with a non zero gradient with respect 
to X on (x„,t„), one gets that for some constant C 

m'd \A-')(i —T\ — r'j^^+^l'T — t;|'^(°+1)-°^-2 _ Tl+ai 7 I i |(fc-l)(Q+l) 

< (^'(t„) + 2(t„ - t) - F(fc|x„ - x|'=-2(x„ - x), D^x - x\'){. 

— h(T -t \ ■ (t — ■t'iA-^+'^It — tK^^1)("+^)^1 
'^\'^n)^nj \'^n '^jrv *^ | 

This gives the resuh by passing to the hmit since k > and / is upper 
semicontinuous. We now suppose that x„ = x for all n large enough. Then 
using lemma 1 in its form for sub- solutions one gets that 

ip'{tn)+2{tn-t)-0< f{x,tn). 

Once more by passing to the limit and using the upper semi continuity of / we 
get the desired result. 

When we are not in the " bad case" , one can argue as in [13] and [3] , Propo- 
sition 5.2, so we finally get that m is a supersolution. 

By the comparison principle Theorem [H we get that > u* hence the 
function u is continuous and it is the required solution. We also know that it 
is unique, again by the comparison principle. 

We now prove some Holder's estimate : 

Theorem 2 Let u he the solution of 1{/,^}- Suppose that f is continuous, 
bounded on Qt, and Holder's continuous of exponent 7/ with respect to t, that 
ip is Holder's continuous with exponent 7 with respect to x and Lipschitzian in 
t. Then there exists some constant c, such that for all (x,t), (y, s) in Q"^, and 

forq='^ = sup (:^, f ) 7^ = inf (7/, ^(^;^) 

\u{x,t) — u{y, s)\ < c{\x — y\'^ + \t — s\'~' ). 

Corollary 1 Suppose that (fn) is a sequence of uniformly bounded functions, 
continuous w.r.t. x and uniformly Hdlderian in t, and (ipn) is uniformly Holder's 
continuous in x and uniformly Lipshitzian in t, then the sequence (un) of solu- 
tions o/l{j^^^^j is uniformly Holder's continuous and bounded. 
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In order to prove Theorem [2] we give two preliminary results, which establish 
some Holder's estimates on the bottom and on the lateral boundary of Qt- 

Proposition 4 Let Qt = ^^x]0,T[. 

Let ip be an Holder function with exponent 'y in x and Lipshitzian in t on 
BQt, let f be continuous on Qt and let u he the solution of 

dtu = F{x, Vm, D^u) + h{x, t) ■ Vm| Vm|" + f{x, t) in Qt 

u{x,t) =ip{x,t) on {dnx]0,T[) U (^] x 

Then there exists some constant C2 such that, for all {x,t) G fix]0,T[ , 

t) -^Ij{x,0)\ < C2t<'(<«+\)-^ 

(We recall that q = '"''^^'^^ ). 



Proof. 

By the comparison principle in theorem [1] one has 

u{x,t) < W{x,t) 

< W2{x,t) 



< 0) + inf U + i^at + (I/loo + |V^t|oo)t 

= 0) + Ct(«-i)(^+-)+i + (l/U + |^t|oo)t 

for some constant C which depends on (c^, A, a, gi, 7), computed with the aid 
of (13.41) replacing g by (g — + 1) + 1. 

This yields the result. The symmetric lower bound is obtained by consider- 
ing V instead of W and proceeding similarly. 

As a consequence one has the following 

Proposition 5 We assume here that f is continuous on Qt, Holder with re- 
spect to t, with some exponent 7^. Let u he a solution of Then there 
exists C2 depending on the Holder's constant and Cf of ip and f respectively 
, such that for all x & Q and for all (t, s) g]0, T[^, 

\u{x, t + s) — u{x, t) I < C2s'^ . 
where 7* = inf (^^^^jp^, 7/), q = = ^. 
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Proof of Proposition\^ Let be such that 

|/(x,t + s)-/(x,t)|<c/s^/. 
We define for s fixed in ]0, T[ 

f(x,t) = u{x,t + s) + t CfS^^ + sup \Tp{x^t + s) + Cfts'^f — %lj{x,t)\ 

(x,t)eanx]o,T-s[ 

+ sup s) — ^/'(a;, 0)1 
Then v satisfies on f2x]0, T — s[ 

dtv - F{x, Vv, D^v) - h{x, t) ■ S/v\Vv\'^ = f{x, t + s) + cjs^f > f{x, t) 

Since u satisfies the opposite inequahty on the same open set, and by construc- 
tion v{x,t) > u{x,t) on OQt, one has by theorem [T] 

u{x, t) — v{x, t) < 0, 

which gives the resuh, redefining C2 = 2T^^'^f~'^* + {iptlooT-^'^* +C2T 
For the reverse inequahty, one uses fro s fixed 

v{x,t) = u{x,t + s) — t Cfs'^f — sup \ilj{x,t + s) + Cfts'^f — ip{x,t)\ 

(x,t)ednx]o,T-sl 

— sup \u{x, s) — Tpi^X, 0) I 

f is a sub-solution of 

vt - F(yv, D%) - h{x, t) ■ \/v\Vv\'' < f{x, t + s)- CfS^' < f{x, t) 

and u{x,t) satisfies the opposite inequahty on ]0,T — s[. Moreover v{x,t) < 
u{x,t) on OQt- Then Theorem [1] imphes that 

u{x, t + s) < u{x, t) + 023^ 

with C2 as above. 

We now give an estimate on the lateral boundary : 

Proposition 6 We assume that ip is Holder continuous of exponent 7 with 
respect to x and Lipschitzian with respect to t. Let u be a solution of 
Then there exists Ci such that for all (x, Xo) G i7 x dVt and t G [0, T), 

\u{x, t) — u{xo, t)\ < Ci\x — Xop- 
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Proof 

We use once more the supersolution. Taking in the infimum defining W the 
point {xo,t) which is on the lateral boundary, and using the properties of the 
barrier, one has 

u{x,t) < W{x,t) 

< ^{Xo,t) + ^W^^ix) + (l/U + moo)^W,^{x) 

c 

< V^(Xo,t) + (^ + (|/|oo+ |V^t|oo)^)c|x-X,r. 

c 

This gives the result with 

C^1 = C(^ + (I/loo +|^t|oo)^) 
C 

One gets the lower bound by considering V instead of W. 

We now prove Theorem [2l First observe that u is bounded as soon as / 
and are bounded, due to theorem [1], the inequalities V < u < W, and the 
definition of V and W. 

In the following 5 will be < inf(l, ^), and L > 1. 

We construct a function $ as follows: Let S be small enough in order that, 
for u! the modulus of continuity given in the assumption (H3), and C being the 
universal constant defined in (14.71) later, one has u)(5) < and S\h\oo < ^• 
We define 

■|/|oo5"+^~^"+^^^\^ 2SUPM 



L = sup Ci, 



f^r^ 2supM 
M = sup(TC2, ) 

where Ci is given in Proposition [HI and C2 is given in Proposition O We also 
define 

As = {((x, t), {y, s)) eQT, \x-y\<6,\t-s\< 6}. 
Claim For any (x, t), {y, s) G As 

t, y, s) = u{x, i) - u{y, s) - L\x - y\^ - M\t - sp* < 0. (4.5) 
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Suppose for a while that the supremum of is positive. Then, for k small 
enough the supremum of — — is also strictly positive. In the following 
we replace by — — . 

From the choice of the constants and Propositions [5] and [6] we know that 
the inequality (14. 5 p with the "new " (p holds on dAs : 

Indeed if a; G dQ, y E Q, and {t, s) G]0,Tp, \s — t\ < 6, using Proposition [HI 
one has 

u{x,t) — u{y, s) < ip{x,t) — ip{x, s) + u{x, s) — u{y, s) 
< \i^t\oo\t - s\ + Ci\x - yp 

which gives the result since M > C2 > {iptloo and L > Ci. The same is true by 
exchanging x and y. 

If \x — y\ = 6 or \t — s\ = 6, the result holds by the choice of L and 
M. For t = or s = 0, one uses proposition [5] and proposition [6] to get 
\u{x, t) — u{y, 0)1 < \u{x, t) — u{x, 0)1 + \u{x, 0) — u{y, 0)| < c^\x — y\'^ + 6*2^^*, 
from which we conclude since L > and M > C2T. 

Finally the supremum cannot be achieved on t = T or s = T since in that 
case the function is —00. 

Suppose by contradiction that 

sup t, y, s) > 0. 

ix,t),{y,s)£Ql 

Then for n > large enough 
^n{x,t,y,s) = u{x,t)-u{y,s)-L\x-yp~M{\t-s\'^+n-^)- -^^—-^-^^— 
h.a:S also a supremum > 0, and it cannot be achieved on the boundary, by the 
previous considerations. We denote for simplicity by (x„,t„), (|/n, Sn) a couple 
inside on which the supremum of ipn is achieved. In the following we fix n 
large enough and drop the indexes n for simplicity. 

Suppose that x = y. Then one would have 

u{x,t) -u{x,s) > M((t-s)2 + ^)^, 

which contradicts proposition [5] and the choice of M. Hence x ^ y and using 
Ishiis' lemma (see also lemma 2.1 in [2j), there exists X G S" and Y in S such 
that: 
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Ml*— 1 \ + T^fAjr^. lL{x -y)\x- X ] e J'M^. t) 



X \ ^ f B ~B 



- ,^ " iL{x -y)\x- -Y \ e J^^-uiy, 7s) 

with 

(0 Y J ^ \ -B B 

and B = L7|x - i/r-2(J + (7 - 2) i^^ggpi) = D^(|Xr)(x - y). 

We need a more precise estimate, as in pj^. For that aim let P be defined 

as : 

p.^ {.x-y®x-y) ^ ^ 
~ \x ~ l/P ~ 

Using —(X + > 0, (/ — P) > and the properties of the symmetric 
matrices one has 

tr{X + Y) <tr{P{X + Y)). 

Remarking in addition that X + Y < AB, one sees that tr{X + Y) < tr{P{X + 
Y)) < Atr{PB). But tr{PB) = 7^(7 - l)\x - < 0, hence 

\tr{X + Y)\> 47L(1 - i)\x - y\'^-^. (4.6) 

Furthermore by Lemma III. 1 of [14j there exists a universal constant C such 
that 



|X|, \Y\ < C{\tr{X + Y)\ + \B\^\tr{X + Y)\^) < C\tr{X + Y)\ (4.7) 

since \B\ and |tr(X + y)| are of the same order. This constant is the constant 
used for the choice of L chosen at the beginning of the proof. 

Using the fact that u is both a sub- and a supersolution we get 



fix,i) > M7* 



K 
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- F{x,jL{x - y)\x - yl"^ ^X) 
_ t)-{x-y)\x- 

> ( 77— ^;^^7— ) - rf^, - m {lL{x -y)\x- yr\ -Y) 

- L^+^j^+^h{y, s)-{x- y)\x - - u{\x - y\){jL\x - yp'^TlXl 

- L^+"|/iU7'+"|a; - + {-fL\x - yp~')''a\tr{X + Y)\ 

which is a contradiction with the assumptions on L. We have obtained that 

\t — si'''* 

u{x, t) - u{y, s) < L\x - y\^ + M . 
This ends the proof. 



5 Maximal solutions on Q x IR+ 

In this section we prove the existence of solutions on x ]R+. For this we prove 
some property of solutions when t T and we use Zorn's lemma. 

Proposition 7 We suppose that f is continuous and bounded on Q x 1R+. 
Suppose that u is a supersolution ofly^^^on Qt, lower semicontinuous, and we 
define 

u(x,T) = liminf uizA). 

\z-x\ + \t-T\<r 

Then u being extended in that kind is a supersolution on i7x]0,T]. 

In the same manner if v is a upper semicontinuous sub-solution, we define 

v{x,T) = limsup v{z,t). 

\z-x\ + \t-T\<r 

Then v being extended in that kind is a sub-solution on flx]0,T]. 
Proof 

We follow partly the process employed in [18]. 

Let w be a supersolution and let be a function such that 

{u - (p){x,t) >{u- (p)ix,T) 
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for {x,t) on some neighborhood V of (x, T), Vx^{x,t) ^ 0. One can assume 
replacing if necessary ip{x, t) by ^{x, t) — \x — x\'' ~ |^ ~ T\'^ for k > sup(2, ^^), 
that the infimum of {u — ip) is strict on [x, T). 
Then for n large enough 

inf iu{x,t) — {p{x,t)-\- 



{x,t)ev \ ' ^ n{T -t) 

is achieved on (y„,in) with {yn,tn) {x,T). 
Indeed we prove first that 

liin ini (u{x,t) -ip{x,t)+ J' J = ini (u-ip){x,t). 
n->-+oo {x,t)ev \ n[I —t) J {x,t)ev 

We already have 

inf (u{x, t) - ip{x, t) + — ^— - J > M{u - ip){x, t). 
{x,t)ev \ n[i —t) J 

For the reverse inequality let e be given and {x^, t^) in Qt with 

(u — ip)(Xe,te) < inf (u — (p)(x,t) + 6 

{x,t)ev 

then for n{T - Q > ^ 

{u - (fi){xe, te) + , J' . <{u- ip){xe, Q + 2e < mi (u -ip) + 2e. 
n[l — fcgj {x,t)GV 

e being arbitrary, one gets the result. 

Now the function u — + being lower semi-continuous the infimum 

is achieved on some {yn,tn)- By the previous considerations 

, inf - ^) t) <{u- ^) (?/„, Q + . ^ {u-^) {x, T) 

{x,t)ev n[T - tn) 

This implies in particular that 

{U - ip) tn) {u-ip) {X, T) 

and since the infimum of m — </? is strict, (?/„, tn) —>■ {x, T). Let us note that tn 
does not go to T too quickly, since n{T — tn) +00. 
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Let = (p(x, t) -i^^^ztj, since </? is C\ for n large enough, WxiPniVn, tn) 7^ 0, 
and since achieves w by below on 

^^niVn, tn)-F{yn, ^^{Vn-, tn), -DV(Z/n, ^n))-^(Z/n)-V(^(yn) | V(^(|/„) j"* > 



hence 



^^^{yn,tn) - F{yn,V(p{yn,tn), D'^(p{yn,tn)) - h{yn) ■ V(^(y„) | V(^(yn) |° 
> f{yn,tn)+ 



n{T - ty 

> f{yn,tn), 

and passing to the limit one gets that 

^(^(x,r) -F(x,V(^,L'V)(x,r) -M^) • V(^(x,r)|V(^(x,r)r > f{x,T). 

This ends the case Vx^{x, T) ^ 0. 

We now assume that there exists some function which depends only 

on t, and some 5i > such that u{x, T) — (p{T) = inf|i_f|<5^(-u(x, t) — (fit)) and 
mi\t^t\^Si{u{x, t) — (f{t)} is constant in a neighborhood B{x, S) of x. Then one 
also has 

inf {u{x, t) - ip{t) + \x- x\'' + \t- = u{x, T) - ip{T) 

xeB{x,5),\t-t\<5i 

Defining ipnit) = ip{t) — \x — — \t — T]"^ — one gets also that there exists 

tn) which converges to (x, T) and (a;„, t„) is a local minimum for u — ipn- 
- Either Xn = x for all n large enough, then using lemma 1 one gets 

dMQ - 2(tn -T)- \ > /(X, tn). 

n{T - tnY 

which yields the result by passing to the limit. 
-Or for an infinity of n, x„ ^ x, then 

dMtn) - 2{tn - T) - - F{-k\Xn-x\''-\Xn-x),-D\\x-x\''){Xn 

n-l^i tn) 

+ A;^+"/l(x„) ■ {Xn - x)\Xn - 
^ f tn)- 
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Since jx — and |t„ — T| tend to zero when n goes to infinity, and k > ^^j, 
one gets by passing to the hmit that 

^\T)>f{x,T). 

We can now use Zorn's axiom to get the existence of maximal solutions on 
Q, X M''" for the problem !{/,,/,}• 

Moreover one can prove using uniform Holder's estimates that the solutions 
arc locally Holder's on O x IR"*". We do not give the proof which uses both some 
arguments in the Holder's proof for f2x]0,T[ and some arguments specific to 
the non bounded cases, as those used for the case of IR^ in theorem 3 later. 

6 The case IR^x]0,r[ 

For completeness sake we are going to prove some existence's result for the equa- 
tion in lR^x]0, T[ when / is uniformly continuous and bounded on IR'^xjO, T[, 
Holder's continuous in t, uniformly w.r.t. and ip is Holderian for some expo- 
nent and uniformly bounded on H^. We assume in addition that F satisfies 
the uniform Lipschitz condition : 

(if6) There exists some constant C such that for all p 7^ 0, for all X and 
for all 5, such that |g| < ^■, one has 

\F{x,p + q,X)-F{x,p,X)\ <C|p|"-%||X| 

We prove the existence of viscosity solutions of 

r Ut- F{x,Vu,D'^u) -h{x,t) ■Vu\Wu\'^ = f{x,t) inIR^x]0,r[ 
\ u{x, 0) = ij{x) on X {0} 

We will construct a supersolution and a sub-solution and use Perron's 
method to conclude. 

To construct a supersolution, we use the following proposition 

Proposition 8 There exists G, some positive function on [0, 00 [, and some 
constant B such that u{x) = G{\x\) satisfies on IR^ x]0,T[ 

F{x, Vu, D\) + h{x, t) ■ Vh| Vk|" < B. 
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Proof : If q; > let G be defined as 

{r^ if r < 1 

(r-l)(3-i) + l ifr>l. 

In the case where a < 0, we recall that qi = q = and define 



G(r) 



^<7i if r < 1 

+qi)r I qijqi- 
2 2r 



2i(l±2i)l + + 1 - g2 if ^ > 1. 



With this choice of G by a tedious but straithforward computation there exists 
some constant B such that for u{x) — Gd^l) 

F{x, Vu, D\) + h{x, t) ■ Vm| Vm|" < B. 
We now define on the model of W2 in section 3, 



{c^ + 2\^l)\^y f{c^ + 2 



9 



l+a 



Then W is an infimum of supersolutions for 1{|/|^} 
Moreover 

W{x,Q) = inf > ^l^{y)+c^\x-y\^^ > ^^^{x) 

{|y-x|<l,KGlR+} CqK^ ^ 

and also using G(r) > r for t > 1 

inf {V^(y) + (cv, + 2|V'|oo)|?/ - a^lH > V'(y) + 2|V'|oo > ip{x). 

\y-x\>l 

This implies that W{x, 0) > Moreover taking y = x in the infimum, one 

gets 

W{x,0) < K + ^l){x), 

for all K. We have obtained that W{x,0) = ip{x). We now observe that W is 
uniformly bounded, indeed 

W{x,t) < inf {^(x) + K+\fU+( ^'-^ + 2H-)'^ y^" 

|a;j<l \ CgK^ / 

1 

< 1-0 loo + cr9(«+i)-« 
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We do not give explicitely c which can be computed using fl3.4l) , replacing q by 
(g — l)(a + 1) + 1. Moreover there exists Ci and C2 such that 

W{x, t) < ipiy) + ci(|x - y\'^^) + C2t^^™^ 

Indeed 

1 1 
W{x,t) < ip{x) + ct'S'f'^+i)-" < ip{y) + c^\x — y]"*"^ + ct^t^+i)-". 

Let us note that 

Vix, t) = sup {^{y, 0)-n- - x|) - \f\^t - f 

with B as before , is a sub-solution of Moreover V is bounded 

and satisfies for some constants ci and C2 

1 

V"(a;, t) > ip{y) — Ci\x — y\'^ — c2t«("+i)-°' . 



A first crucial step for the existence of solutions for the Dirichlet problem 
is some comparison theorem on lR^x]0,T[. This will also permit to get the 
uniqueness and later the regularity of the solutions. 

Theorem 3 Suppose that f and g are uniformly continuous and bounded and 
f > g. Suppose that u and v are respectively uppers emicontinuous and lower 
semicontinuous sub-and supers olutions of 

ut - F{x,Vu,D\) - h{x,t) ■ V?i|Vn|" < g{x,t) in lR^x]0,T[ 

vt- F{x,\/v,D\) -b{x,t) ■ Vt;|Vi;r > f{x,t) in lR^x]0,T[ 

with u{x,0) < v{x,0), X ^— s> u{x,0) and x 1—^ v{x,0) being Holder's continuous 
and bounded. Suppose in addition that there exist some constant c\, such that 
for all X, y in IR^ 

u[x, t) < u{y, 0) + Ci{\x-y\ + 1) 
v{x, t) > v{y, 0) -ci{\x-y\ + 1) 

Then u{x,t) < v{x,t). 
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We postpone the proof of theorem [3] and derive from it some consequences. 

First the estimates on V and W imply that V < W. Then using Perron's 
method in section 4, which proof does not use the boundedness of fl, we obtain 
that there exists a solution of on lR^x]0,T[, in the sense that u* is a 

sub-solution and is a supersolution. We now use the fact that V < u* and 
U-^ < W to derive that there exist Ci and C2 such that 

1 

u-k{x, t) < ip{y) + ci\x — yp''' + C2t''("+i'-" 

1 

u*{x, t) > ip{y) — ci\x — y['''' — C2t«("+i)-" 

From these estimates, using theorem [3] one gets that u^, > u*, hence u is con- 
tinuous. Applying once more theorem [3] one gets that the solution is unique. 

Proof of theorem 

One can replace v by (t')^ = v + tj^. Then is a strict supersolution, 
which is infinite on t = T. 

We shall prove that u < and next we shall let k go to zero. In the 
following we drop the index k . 

Suppose by contradiction that there exists (x, i) such that (u — v){x, i) > 0. 
Then i < T according to the previous property of v. 

We introduce for j e N and for k = sup(3, ^, a + 1, ^^), the 
function ipj defined as 

J I ^ 1/ 1 ^ 1 J 

^pj{x,y,t,s) = u{x,t) - v{y,s) jafc'^'^ ~ 2'^ ^ ^'^ 

Then for j large enough the supremum of ipj is still > 0, for example as soon 
as 

I — I 

> ^ 

u{x, t) — v{x, t) 

In the following C will denote some constant which can vary from one line 
to another. 

We prove first that if ipj{xj^yj, tj, Sj) > 0, j\xj — yj\^ < C . Indeed one has 

i^'' > {u{x,i)-v{x,F)) ' > and then using u{x,t) < u{y,0) + 

Ci{\x — y\ + 1) and 

viy,t) > v{y,0) - ci, 

one gets 
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ihL_y2l < ci(|x,-y,| + 2) 

and then — is bounded. 

In particular \xj — yj\ goes to zero. From this one also derives that 

_^ j I ^ j ~ j P ^ ^ 



j3fc 



and then \xj\ < \fCj^ 

Moreover using Ishii's lemma [13], (see also lemma 2.1 in ^) there exist 
(Xj, Yj) G S such that 

- Sj),j\xj - %|^"^(a;j - yj), -Yj) G J^'~v{yj, Sj) 
Suppose that Xj = yj. We prove then that Xj ^ 0. If it was the case the 
function i{){x, t) = u{0, tj) + j^\x\'' + ^ + i(t — SjY — |(sj — tjY would touch u 
by above on and then using lemma [1] one would obtain since k > sup(2, 

3{t,-s,)-0<gi0,t,). 

On the other hand since — |(t — tj)"^ + |(sj — tj)"^ — touches v by below on 
(0,Sj), using once more lemma [1] we get 

j(i.-s.)-0>/(0,s,) + 



{T-s 



\2 
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Using \tj — Sj\ —>■ 0, the uniform continuity of / and g , substracting the 
two inequalities and passing to the limit we get a contradiction. 

We now suppose that xj = yj and we know that under this assumption, xj ^ 
0. Then the function ^{x,t) = v{xj, Sj) + j:\x — Xj\'' + jlr + ^{t — Sj)'^ — ^{sj—tj)'^ 
achieves u by above on Xj, where its gradient is different from 0. We then have 
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and for v one uses once more lemma [H to get that 



K 



We now use the properties of F to get that 



/ 1^;^. |fc(a+l)-Q-2 1^^. |(fc-l)(Q+l) 
— ^ ( j3kil+a) ' j3kil+a) 

^ ^^.3(fe(a+l)-a-2)-3fc(l+a) _^ ^.-3{a+l) j 

= 0(1) 

Finally using the fact that \xj — yj\ + \tj — Sj\ goes to zero, the uniform 
continuity of / and g , substracting the two equations and passing to the limit 
we get a contradiction. 

We have obtained that Xj ^ yj. 

We now prove that j^\xj — yjl'^'^ —>■ +oo. In particular this will imply that 

I I fc — 2 

for j large enough j \xj—yj\''~'^ {xj —yj)+k ^^^ y^^, ^ 0. Suppose by contradiction 
that for some constant c > 0, j\xj — yj\^~^ < cj~^ then \Xj\ < j\xj — yjl''^'^ < 
(jV. - yj\'-')^j'^ ^ and also \Xj\ + \D' (^) {xj)\ < \X,\ + cj"' ^ 0. 
Using the fact that u and v are respectively sub-and supersolution, one has 



g{xj,tj) > j{tj-Sj)-o{l) 
and — + f{yj,Sj) < j{tj - sj) + o{l). 

Substracting the two inequalities, passing to the limit and using the properties 
of / and g, one gets a contradiction. We have obtained that j\xj — yj\''~^ > 
y for some constant c. From this one derives that j\xj — yj\^~'^{xj — yj) + 

^^^'j3k ~j^+oo — yj\^~'^{xj — yj)- With the aid of this remark and using 
the assumption {H6) 

I - y,r'{x, - y,) + - F(j>, - y,r\x, - y,),X,)\ 
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J cj ° ^\xj - ^ if a < 1 
- \ cj-3+^(j>,-y,fr-^ if a>l 

= 0(1) 

by the choice of k. One also has using the assumption (H2) 



I 'T' • I ^ ^ ■ 



< 



fc-2/„ „. \ , "'l-^ jl -^J _|_ Vl -^l 7 \\ „. |fc-2/ 

< cr\j\x,-y^\^-^r 

cj-^-"^ if a < 

cj-6+f - i/,f if a > 

= 0(1) 

by the choice of k. 

Treating analogously the terms involving h, in particular using the Holder's 
regularity of h with respect to t, together with (H3), one obtains 

lc\^ ■ I ^ ^'T' ■ /~)^ f I 'T' I r ■ ^ 



jSfc ' ■? ' j3k 



- h{xj,tj) ■ [ j\xj - yjl'' ^{xj - yj) + 



^ I 'T' • I T* ■ 



j3fe 



Ic I '7^ ■ I T* - 



- h{xj,tj) ■ j\xj - %f-'(a;, - yj)\j\xj - %f ~Y " o{l) 

-0(1) 

> /(%-,^.) + ^-o(i) 

We now conclude as before : We use the fact that \xj — yj\ + \tj — Sj\ goes 
to zero, the uniform continuity of / and g , and we pass to the limit to get a 
contradiction. 

This ends the proof of theorem [31 

We now prove that the solutions are Holder's continuous. 
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Proposition 9 Suppose that u is a solution of l^f^^y on ]R^x]0,T[. Suppose 
that there exist some constant C\ and C2 such that 

1 

u{x,t) < ii{y) + ci|x - yl'^"^ + C2t«("+i)-'^ (6.8) 

1 

u{x, t) > ip{y) — ci\x — yp'* — c2t9("+i)-° (6.9) 

We assume that f is uniformly continuous and bounded, is 'jf Hdlderian with 
respect to t, uniformly in x, and that is Hdlderian of exponent 7^ on 
and bounded, then u is Holder's continuous of exponent 7^ with respect to x 
and of exponent 7* = inf (7/, g(-^_^\-)_^ ) with respect to t on every compact set of 
]R^x]0,T[. 

We shall need the following proposition, which proves some Holder's regu- 
larity with respect to t, when x is fixed. 

Proposition 10 Under the assumptions of Proposition there exists some 
constant C2 such that for all x G IR^ and for all t, s > 

\u{x, t + s) — u{x, t) I < €28'^ 

where Y = mf(7/, q = ^,qi = sup(2, f±f). 

Proof We first use the estimates (16.81) and (16.91) which give foiy = x: 

1 

and the comparison principle in Theorem [3] on lR^x]0,T[ : We define fro s 
fixed in [0, T] and t G [0, T - s] 

v{x,t) = u{x,t + s) + Cfts'^f + sup \ip{x) — u{x, s)\. 

where c/ is some Holder's constant of / with respect to t. Then f is a su- 
persolution of on IR^ x [0,T — s[. Let us note that v and u have the 

properties 

1 1 
u{x,t) < ip{y) + ci\x- y[''* + C2)f:''("+i)'° < ip{y) + 2ci{\x -y\ + l) + c2T<'(°+i)-" 

(6.10) 
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and 

v{x,t) > ^/'(y)-ci|x-?/|^'^-C2(t+s)9("+'i)— > 7/;(y)-2ci(|a;-?/|+l)-C2(2T)^(^ 

(6.11) 

and u{x, 0) < v{x, 0) by construction. 

Hence one can apply the comparison theorem [3] to obtain that 

1 

u{x, t) < v{x, t) + sup \u{x, 0) — v{x, 0)1 < u{x, t + s) + CfTs^f + C2S9("+i)-'^ 

In the same manner defining f (x, t) = u{x, t + s) — Cfts'^'f — sup 3, \i'{x) — u{x, s) \ 
then u{x,t) and f are super and sub-solution for the same equation, and then 
using theorem [3] one gets 

1 

u{x, t) > u{x, t + s) — CfTs^f — C2S9("+i)-i . 
The result follows. 

Proof of proposition [9] 

First we observe that u is bounded, taking y = x m. the inequalities (16. 8p 
and (16.91) and using the fact that ip is bounded. 

Let 5 be given less than 1, L > sup(4ci + L^, ( — r ) ) and M > 

sup(^f^, C2, "^^f^). We define the set 

A5 = {(x, t, s), Ix - yl < 5, |t - s| < 5, (t, s) e]0, T[} 

and for j large the function 

ijj{x,y,t,s) = u{x,t) - u{y,s) - L\x - yp"^ - ip^ - M\t - s|^*. 

We shall prove that for j large enough, tpj is < 0. The result will follow by 
passing to the limit on each compact set of lR^x]0,T[. 

We then assume by contradiction that tpj has a maximum strictly positive. 
Then for k small enough 

K K 

~ T-t ~ T-s 

has also its supremum strictly positive and we begin to observe that on the 
boundary of A^, this function is < 0. 
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Indeed in the case where |t — s| = S then by hypothesis fl6.8p and fl6.9l) 



u{x,t) -u{y,s) < ci\x - yp"^ + 2c2T^* < L\x ~ y\^^ +M|t-s|^* 
In the case where t = 0, s > and |x — ?/| < 6 one uses once more (16. 8p and 

Finally the supremum cannot be achieved for t = T ot s = T. 
Let us note that if ipj has a supremum > 0, 

t, y, s) = u{x, t)-u{y, s)-L|x-?/|>-^-M(— 



2f ' ' ' T -t T - s 

has also a supremum > achieved inside A^, for n large enough. We fix n large 
enough. Let {xj,yj,tj, Sj) be a point where the supremum of ipn is achieved. 
By the previous considerations, it cannot be achieved on the boundary. By 
proposition [10] one has xj ^ yj and then the function \x — y\"''i' is on a 
neighborhood of {xj,yj). Using Ishii's lemma (see also Lemma 2.1 in [2j ) we 
have the existence of {Xj,Yj) with 

7*M(t,-.,)(4 + |t.-^,f)'-* 



-f^L{xj - yj)\xj - yj\^^^^ + ^, Xj + ^) ^ J^'^u{xj, tj) 



(7^M(t,--s,)(-^ + |i.-s.f)'~^ - j,fA-Ti.l^L{x,-y,)\x,-y,\^^-\-Y^) 
n [I Sj) 

G J^'~u{yj,Sj) 

with 

with B{x, y) = L7^|x - y\^^-\I + (7^ - 2) i^^^Mpl) = D2(|x|7.)(a; - ^) 
Let us observe that due to the hypothesis, < | < 21!'^^'^ ' then 
|7v,L(x, - y,)\x, - i/,r^-2 + > f - y^\^^-\ 
We use as in the proof of theorem 2, the inequality 

|tr(X, + Y,)\ = -tr{X^ + F,) > 47^(1 - j^)L\x, - y,\^^-' 
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and the fact that for some constant c 

\X,\ + \Y,\<c{\tr{X, + Y,)\ 
We then use the property (H6) of F to get that 



Xj I 
-TK^Xj + — 



< 0{r'){L\x, - y,r^-'r-'\X,\ + 0{^){L\x, - y,\ 



.|7^-l^a 



< o{l){L\x,-y,P^-YMX, + Y,)\. 
And we use only the fact that h is bounded to observe that 

\h{x,,tj)-h{y,,s,)i^^Ly+^Xj-y,)\x,-y,\^'^^^^^ 

We now write 
f{xj,tj) > ^*M{tj-Sj){^ + \tj-Sj\'y-'^ + 

1 1 



F{xj, j^L{xj - yj)\xj - yjp^ ' + ^> + ^) 
h{x„ t,) ■ (7^L)^+"(x, - y,)\x, - I 



1 ,. 1^ 



n 



- F{yj, ^^L{xj - y,)\xj - % T^^^', -Yj) 

+ {ly.L\x, - y,r^-'rtriX, + F,) + o(l)|7^L|x, - y,\-'^'-'r{\tr{X, + Y,)\) 

> fivv ^j) + (7^^k. - yjl'^-'THx, + - 0(1)). 



We have obtained a contradiction since this would imply that 

{^^L\x, - y,r^~'rL\x, - y,rv<-2(i _ ^(i)) < 2|/|^, 

which is absurd by the choice of the constant L. 
This ends the proof of the following Holder's result : 
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Proposition 11 Suppose that ip is Hdlderian and bounded in ]R and that f is 
uniformly continuous and Holder's in t, uniformly w.r.t. x. Then, there exists 
a unique viscosity solution o/ on ]R^x]0,T[. This solution is Holder's 
continuous on every compact set o/]R^x]0,T[. 

Hence using Ascoli's theorem, we have also 

Corollary 2 Let {fn, ipn) be a sequence of bounded Holder's continuous func- 
tions, tpn being uniformly Holder's and {fn) being uniformly Holder's in t, uni- 
formly w.r.t. X. Then the sequence of solutions of is relatively 
compact on every compact set o/lR^x]0,T[. 

7 Appendix 

In this appendix we prove that the solutions of Ohnuma and Sato in the case 
where a ^ are the same as our solutions. In the same manner we prove that it 
is also the case for the infinity Laplacian using the adapted definition of Evans 
and Spruck, and Juutinen and Kawhol. 

7.1 The case a 7^ 

The reader can consult [H] for the definition of J^{F) and A{F). 
We recall that in [T8] the right hand side / is zero. 

Proposition 12 The solutions in our sense are the same as the solutions in 
the Ohnuma and Sato's sense. 

Proof 

Suppose that -u is a supersolution of l{o} in the Ohnuma and Sato's sense. 
Suppose that (x, t) is some point such that for some 5i and for some function 
if on ]0, T[ : 

inf iuix, t) — (yjft)) = uix, t) — (pit) = 

\t-t\<5i 

and such that x ^— inf|(_f|<5^('u(x, t) — fit)) is constant on _B(x, 5) for some 
6 > . Then in particular 

-, . H^^'t)-f{t)) 

x^B{x,S),\t-t\<Si 
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has its infimum equals to zero achieved on {x, t) . Then, for e > the function 

h{x,t) = ^(i) + ^'{i){t + i(/(t) - e)(t - t)2 

which belongs to A{f), [18j, satisfies 

inf (u(x,t) — h(x,t)) = 

i\t-t\<Si,xGB{x,6) 



Indeed 



, -, o. iu- h){x,t) <u{x,t) ~ ip{t) = 0. 



Moreover for t close to t 

1 



hence 



ip{t) > ^{t} + ^'{t){t - i) + ^(y." (t) - e)(t - t)2 



inf (u — h)(x,t)> inf (u(x,t) — ip(t)) 

i\t-t\<Si,xGB{x,5) \t-t\<5i,x£B{x,S) 



and then since u is a supersolution of l{o}, <^'{t) > which is the desired 
conclusion. 

We want to prove the reverse sense. We assume that u is a super solution in 
our sense. We suppose that (x, t) and ip are such that (u—ip) > {u—{p){x, i) = 0, 
with LP e A{F). 

Let / G J^{F) and a; be a continuous function such that ^^(O) = 0, uit — i) = 
o{\t — be such that for {x, t) E V a neighborhood of (x, i), 

\ip{x,t) - ip{x,i) - dtip{x,i){t < f{\x~x\)+uj{t-t) 

Then 

h{x, t) := ip{x, t) + dt(p{x,t){t — t) — f {\x — x\) — uj{t — t)< (p{x, t) 
Moreover 



Indeed 



inf {u(t, x) — h{x, t)) = 
{x,t)ev 



inf {u(x, t) — h(x, t)) < u(x, i) — h(x, t) 
{x,t)ev 
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secondly by the previous remark, 



u — h > u — (f. 



Now acting as in lemma[T]ie replacing Ci\x — x\^ by f{\x — x\) and C2\t — i\'^ 
by uj{\t — t\) one gets since lim^^o -^(V/, -D^/)(|x|) = that dt(f{x,t) > 0, 
which is the desired conclusion. 

7.2 The case a = and the infinity Laplacian 

We prove here that our definition is equivalent to the one of Evans and Spruck 
in the case of the infinity Laplacian (see also [T7]). 

We shall need the following lemma, whose proof is postponed for the sake 
of clearness. 

Lemma 2 Suppose that u is a supersolution of 



and suppose that ip is some function on ]0,T[, with (pit) = 0, that k > 
sup{2, , that M is some symmetric matrix and (0,t) G i7x]0,T[ are such 
that for some 6i > 



We postpone the proof of Lemma [2] 

We now consider a supersolution u in our sense and assume that ip is some 

function which achieves u by below on (x,t) with Vx<p{x,t) = 0. We apply 
lemma[2]with x in place of 0, Vx'P'ix, t) = and replacing <f{t)hj dt(p{x,t)(t — t), 
and M = D'^ip{x, t) one gets the desired conclusion. 

Proof of lemma [2j 

For C2 > one still has 



ut - F{x, Vm, D\) - h{x, t) ■ Vm| Vm|" > f{x, t) 



inf 

x£B{0,5i),\t-t\<5i 




Then 



v'it)-M-jM)>f{0,t). 



inf 

x£B{0,5i),\t-t\<5i 



{u{x,t) 




and the infimum is strict in t 
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Wc assume first that x i— > mf|t_j|<5j(-u(a;, t) — ip{t) + C2(t — t)^) is equal to 
u{0.t) and is constant w.r.t. x in a neighboorhood of x. We tlien prove that 
M < and ip'{t) > f{0,t). 

This will imply that ^'{i) - A<„_^(M) > /(0,f). 

Indeed one has for all x in a neighborhhod of 0, u{0, i) = infji_i|<5^(M(a;, t) — 
(p{t) + C2{t — f)^) and also by hypothesis 

<^^^-n n ^,^,M^^t)-ip{t)-l{Mx,x)+C2{t-t)'} 

and then for all x in a neighborhhod of 0, 

1 - 1 

u{Q,i) < inf {u{x,t)-ip{t) + C2it-i)^}--(Mx,x)=u(0,t)--(Mx,x) 
|t-t|<<5i 2 2 

This imphes that for all x in a neighborhhod of 0, 

{Mx,x) < 0, 

or equivalently that M is a nonpositivc symmetric matrix. Using the definition, 
as we pointed out before, ^p'{i) > f{0,i) and this implies the desired result. 

We now assume that we arc not in the case where x i— >■ inf — 
ip{t) + C2{t — iy) is equal to u{0, i) and is constant w.r.t. x in a neighboorhood 
of X. 

For the sequel one can assume that M is invertible. indeed, if it is not the 
case there exists e > arbitrarily small in order that M — eld is invertible. 
Moreover M — eld is also such that 

inf Mx,i)-<^(i)-l((M-e7d)(x),:r)+C'i|x|^+C'2(t-t)n = «(0,t) 

{\t-t\<Si),xeB(o,Si) 2 

So we shall prove that 

^'{t)-MlAM-eId)<f{0,t) 

and we shall get the result by passing to the limit with e. 
So from now we assume that M is invertible. 
For k > 2 and for all positive constant Ci then 

inf {u{x,t)-^{t)-l{Mx,x) + C,\x\' + C2{t-t)'} 
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has also its infimum achieved on {0,t), and this infimum is strict in x and t. 
Hence for all 5 > there exists €{6) > such that 

inf( inf {u{x,t)-ip{t)--{Mx,x)+Ci\x\'' + C2{t-t)'^} 

\{\t-t\>s,xeB{o,Si) 2 

inf {u(x,t)-M - l(Mx,x)+CAx\'' + C2(t-if} 

(|t-t|<5i,|a;|><5 2 

> u{0,t} + e{S) 

In the following we choose 6 such that (26)^-^ < '"^^'^^^SgJ^'^^^' . Let then 
S2 be such that S2 < 5 and 

k{2Si)''-'CiS2 + \M\^{5l + 2S2S1) < e/4 

With this choice, using the fundamental calculus theorem, one gets that for 

X e 3(0,62), 

su . i"^«.n.u {u{y,t)-^(t)-hM{y-x),{y-x)) + C,\x-y\'' + C2{t-m 

{\t~t\<5),yeB{Q,5)} 2 

^ . ^,,,My.t)-^{t)-\{My,y)-rCM' + C2{t-m + \ 

= K(0,i) + ^ (7.12) 

while 

inff inf ^{u{y,t)-^{t)-\{M{y-x),{y-x)) + C,\x-y\' + C2{t-m, 

\{\t-t\<&i),\y\>S} 2 

{\t~t\>S,yeB{0,Si) 2 

+ C^\x-y\'' + C2{t-t)^}) 

> u{0,t) + j (7.13) 

We choose xg as follows : Since the function mf\t_t^^Si){u{x, t) — ip(t) + C2\t — 
fp) is not constant around x, for all (5 > there exists xs and ys in 5(0,52) 
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such that 
inf {u{xs,t) - ^{t) + C2|t-tp} 

\t-t\<5i 

> inf {u{ys,t)-!f{t) + C2\t-t\'^ ~ (l{M{xs-ys),xs-ys) 

\t-t\<Si \Z 

+ Ci\xs-ys\''} 

Then the infimum inf(|t_f|<5,),yeB(o,5i)(M(l/,t)-V5(t)-|(M(y-X5), {y-X5)) + 
Ci\xs—y\''+C2it—t)'^), is achieved on some point {zg, tg) with zs 7^ xs- Moreover 
by ( I7.12P and fl7.13p the infimum is achieved in 5(0, 5) x]t — 5, t + Let {zs,ts) 
be a point on which this infimum is achieved, then 

ip{x,t) = (p{t) + ^{M{x - X5),x - Xs)) -^{M{zs - xs),{zs - Xs)) 

+ Ci\xs - zsl'' - Ci\xs - x\'' 
- C2it-t)^ + C2its-i)'' 

achieves u by below on {zs,ts). 

With the choice of 6, the gradient of ip on zs, which equals M{zs — xs) + 
kCi\xs — zs\^~'^{xs — Zs) is different from zero, since zs 7^ xs- Indeed if it was 
the case, xs — zs would be an eigenvector for M corresponding to the eigenvalue 
kCi\xs — zsl''^^, which is impossible since kCi{26)''^^ < infj(|Aj(M)|. Using the 
fact that n is a supersolution one gets that 

if'its) - F{M{zs-xs) + kCi\xs-zs\''\xs-zs),M-CiD^{\xs-z\''){zs)) 
- hizs,ts) ■V^{zs,ts)\Vijizs,ts)'' 
> fizs,ts) 
and then 

^'(ts) - M-jM-C,D'{\xs-z\'){zs) 
- h{zs,ts)-Viljizs,ts)\Viljizs,ts)\'' 

> fiz5,ts) 

Letting S go to zero and using zs G -8(0,52) C B{0,S), \t — ts\ < S, k > 2 
and the lower semicontinuity of / one gets 

^'it)-M-jM)>fiO,F) 
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